STABLE PROCESSES AND INTEGRAL
EQUATIONS(})

BY
HAROLD WIDOM

I. Introduction.

1.1. Let x(t), =0, be the symmetric stable process with exponent «
(0<a=2), normalized so that the paths are continuous on the right, and
starting at zero;

E{eit=0} = g1t

For a point xo with —1<x,<1 set
q(xo, %, ) = ;; Pr{ 1:1;3{| 2o+ x(r)| <1, 20+ 2() £ x} .
In the case =2 (the Wiener process with variance 2) it is well known that
M ol 5, ) = 35 704, o)
=

where
bo—1(x) = 72 cos(k — 1/2)7x,

du(x) = V2 sin krx.

(2)
In the case @=1 it was shown by Kac and Pollard [7] that
3) g(xo, 2, 1) = D & Pigp;(x0) $5()

Jj=1

where \; and ¢; are the eigenvalues and normalized eigenfunctions of the
integral equation on (—1, 1) with kernel

4 il 1—xy+ [(1 =21 — )] '
7t 1= xy — [(1 = 22 (1 — y2) ]2

It is the main result of part I that (3) holds for any @in 0 <a < £2, where
now \; and ¢; are the eigenvalues and normalized eigenfunctions of the
integral equation on (—1, 1) with the symmetric kernel

Presented to the Society, August 29, 1960; received by the editors August 12, 1960.
(*) Supported by the National Science Foundation.

430



STABLE PROCESSES AND INTEGRAL EQUATIONS 431

sec ar/2
K(x,9) = ——— |z — y[=

2l ()

tan amr/2 1 (1—xt)o?
—_— — a2\a/2

2t ) f (=B — g

Note that K is not defined for =1, 2, and in §§2.1 and 2.2 we assume that
0<a<1or1<a<2. However,in §2.3 we shall see that (3) remains valid when
K is defined at =1 (resp. 2) as its limit as a—1 (resp. 2).

The symmetry of K, which is by no means obvious, will be established
below. For a>1, K is continuous throughout the square; for a<1, K is
continuous except on the diagonal x =y, and the reader can easily verify the
estimate

©)

| K@ 9| = 4]a—y|—

where 4 is a constant depending on a. Thus in any case K is the kernel of a
self-adjoint completely continuous operator on Ly(—1, 1) so that the eigen-
functions ¢; form a complete set.

Since our contribution to the proof of (3) will be basically nothing more
than a verification that K satisfies the identity (14) below, we should indicate
how K was found. Denote the Laplace transform of ¢ by Q,

(6) Q(xO, X, S) = f °c>e_”q(xoy x, t)dt-

It was shown by Kac [5] that in case @ <1 we have

X (y)Sgn(x - )
|~y

for any ¢ satisfying ¢(+1)=0 and ¢’'(x) EL,(—1, 1); C(a) is a constant de-

pending on a. Now if we could find a complete orthonormal set of functions

¢; each of which satisfied ¢;(+1) =0 and satisfied

\. f ¢/ (y)sgn(x — 9)

|& =yl

() Q(xo, %, ) {w(x) + C(a) f y} dx = ¢(x0)

®)

dy = ¢;(x), —-1<x<1,

then (7) would give immediately the Fourier coefficients of Q relative to
{¢;}. The problem is therefore the reduction of (8) to an ordinary integral
equation. However the transform

f ! ¢'(y)sgn(x — )
o Ja—yle

can be inverted by a method of Carleman [1] to give ¢’ in terms of ®. This
inversion involves one arbitrary constant and the passage from ¢’ to ¢

dy = ®(x), —-1<z<],
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another—just cuough to allow us to impose the conditions ¢(+1) =0. With
constant factors suitably adjusted the inversion formula turns out to be

1
o(x) = | K(x, 3)®(y)dy
—1
with K as given by (5). Although this method does (with a little more work)
yield a proof of (3), we shall not use it. The main reason for this is that the
method fails for a>1, while a direct approach, knowing what the answer
ought to be, takes care of all cases at once.
1.2. Let T =T, denote the first passage time of the process xo+x(t) to
the exterior of the open unit interval;

T = min{t: | % + 2(2)| = 1}.

The distribution function of T can be expressed in terms of ¢. In fact

1
Pr{T = t} = l—f g(x0, , t)dx.

-1

Although we do not know this explicitly, we can find all the moments of T:

f "d Pr{T < 1}
0

E{T"}

1 1
n! > Ngi(xo) | ¢i(@)dx = n! | Ka(xo, x)dx,
-1

-1

where K, denotes the nth iterate of K. The first moment was obtained by
Elliott [2] in case 0 <a<1. Getoor [4] showed that Elliott’s result holds for
1=<a=2, and he found also the second moment. In principle his method could
be used to find them all.

We can also express in terms of ¢ the joint distribution of T and the place
of first passage xo+x(7). It will be shown in §2.4 that for « <2 and |y| >1

d
—Pr{xo +x(7) =y T= t}
dy

9)

T

sin a1r/2{ 1 - x‘é)a/e
(3t = D]y = x|

— (vt — 1)~m/2fl (1 — e g(xo, 1, t)dx} )

Y

In particular
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2 af2

(1 — =) .
(yz - l)a/zl y - xol

This was obtained by Spitzer [11] in the case a=1. The analogue of (10)
for the one-sided absorption problem was obtained by Ray [10]. From (10)
it is easy to compute the solution of the “ruin” problem, the probability of

reaching (surpassing, if <2) 1 before —1:
F( 1 { a 3 2)
2F = 1——;— ),
"\ T

1
*()
2
1 a
"(3)r ()
2 2
where F denotes the usual hypergeometric function.
Most of the results just described have also been obtained by Getoor and
H. Kesten, in papers to appear. In fact Getoor derived the distribution (10)
of the place of first passage, and Kesten used this to obtain what we call
K(x, y). Thus the same theorems were proved, but in the order opposite to
ours.
1.3. Let X, X,, - - - be independent real valued random variables with
the same symmetric density function k(x) with finite variance o2. Set S,
=Xi+ - - - +X.. Then if | x| <1,

d 1
(10) — Pr{xo + 2(T) < y} = —sinax/2
dy 1

1
Pr{xo+ 2(T) 2 1} = ?+

Pr {max| 2o + 07128, | < 1}

ksn

V2 (—1-2o)

n‘/'(l—xo)
=f- . f k(x)k(xs — x1) + « * k(%n — Xa1)dxy - - - d2n
1 1
= n"/’f cee k(n'2(xy — x0)) « + - k(02 % — Xu_y))dxy - - -dXn
-1 -1

1
= Z I‘;.n”"l’i.n”’(xﬂ) Vi n(x)dx
-1

where we have denoted by u; 4 and ;4 the eigenvalues and normalized eigen-
functions of the integral equation on (—1, 1) with kernel Ak(4(x—y)). Now
it is known [3] that

lim Pr{maxl %0 + n‘”Sk| < 1} = Pr {maxl X0 + x(t)| < l} ,
11

n— o k<n

where x(¢) is the Wiener process with variance ¢2. Thus

1 © 1
lim Z ﬂ;’l.n‘mpj,nm(xo) ¥jmn(x)dx = Z e_fzazizls‘ﬁj(xo) ¢J(x)dx)
-1 -1

nowo je=1
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where the ¢; are given by (2). This led to the conjecture [6, §1.7] that if

M1,4Zp2, 4= - - - are the positive eigenvalues of Ak(4(x—7y)) then for each
ji=12,---
. A —xtotj2/8
lim pja =¢ )
A—e

or equivalently

202]‘2

pja=1-— E{T + O(A_z).

This we proved in [12], with somewhat different assumptions on k and by an
entirely different method.

If % does not have a finite second moment the method of [12] gives us no
information whatever, although in certain cases the probabilistic argument
given above yields a perfectly reasonable conjecture. Assume for example that

1=k
lim ——— =

0 |£| ’

where

5@ = f eitoh(2)dx.
Then in view of the theorem of Kac and Pollard [7] it was conjectured [6,
§1.7] that in this case

pia=1—% A" +o(47)

where \;2\.= - -+ are the eigenvalues of (4).

We shall show in part III of the present paper that the probabilistic argu-
ment can be pushed through. Thus using the result of part II we shall be
able to determine the behavior of the u; 4 whenever 1—£(£) behaves like
|£| 2(0<a=2) near £=0. In fact, if

1— k@)

(11) lim = ¢, 0<c¢c< w)

e | |
then for each j
pia=1—o A"+ o(4™

as A— o, where \; is the jth eigenvalue of the kernel K(x, y¥) given by (5).
Moreover the eigenfunctions ¥; 4 of Ak(A4(x—y)) will approximate in some
sense the eigenfunctions ¢; of K. The exact statement is given in §3.1.
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The probabilistic proof of these results has the disadvantage of not being
extendable to the case when (11) holds with an a> 2. (Of course we no longer
assume k=0.) We can conjecture what happens in this case, however, and
do so in §3.5.

Added in proof: The conjecture is proved in a forth coming paper.

I1. Stable processes.
2.1. Let us define, for |y| <1 and all real x,

secar/2

K , . — a—1
o) =S 12l
— M a- y2)a/2f 1= xla_l dat.
27T (a) > (2 — 1)“/21 t— yl

We claim

K(x, y), |z| =1
12 Ko(x, y) =
(12) o(%, ) { 0, |x|§l.

The first identity is trivial, involving only a change of variable in the integral.
The second is proved as follows. The function

(t — x)t
(t2 — 1)a12
is analytic in 9¢>0, all relevant arguments being taken to lie between 0 and

w. If we extend the function to the real axis by continuity, a simple contour
integration shows

” (t - x)a—l —_ ; — a=1(,n2 —al2
(13) | oy = 0 = 96 = e

the integral being interpreted as a principal value. Assume x=1. Then (13)
may be written

(o f o
— —_ plTa _elfa
—o ¢ -1 1 z |12—1la/2(t"y)

_- = wieiraﬂ(x —_ y)a—l(l — y2)-—a/2.

If we multiply both sides by e~**2/? and take imaginary parts, we obtain
|t — x]et
s (2 = 12| 1 — y|

This shows Ko(x, y) =0 for x=1. Since Ko(x, y) =Ko(—x, —y) we also have
Ko(x, ) =0 for x< —1.
The crucial identity is

sin am/2 dt = m(x — y)*(1 — yB)—ar2,
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1
I £I“ K(x, y)e‘f'dx = e"ftl

-1
(14) ettt )

1
— — (sin ax/2)(1 — y2)al2 f 4.
T 4 pe>1 (82 — 1)"“' L= yl

It will be seen in §2.2 that for the proof of (3) the exact form of the second
term on the right side of (14) is not important. What is important is that this
term is the Fourier transform of a function vanishing on (—1, 1). In §2.4,
however, we shall need the full identity (14) for the computation of the dis-
tribution function of the place of first passage. To prove (14), assume first
that a <1. We have

(15) fwe"f’| x— y|°“‘dx = 2T'(a) (cos ax/2) | El“'e"‘”.

—e0

Also,

X ) I {1 — xla—-l
f eibedy f dt
-x > (82 — 1) | ¢ — |

ettt X—t
=f " o dtf eitz| x|z,
> (2 — 1) l t— y| —X—t

As X— o the inner integral tends boundedly to 2I'(a) (cos am/2) | EI —«, Con-
sequently

0 ) | { — xla—l
f e'E‘dxf dt
— sy (2 — 12| ¢ —y]

(16)
= 2T'(a)(cos 2x/2) | El—afmx "o 1)"/’| - yl dt.

ikt

The identities (12), (15), and (16) give (14). That (14) holds also for a>1
follows from the fact that for fixed £ and y both sides are analytic in 0 < Ra: <2
(except possibly for a=1).

We now show that K, the integral operator on L,(—1, 1) with kernel
K(x, y), is positive definite. Assume that Kf=0. If we multiply both sides
of (14) by f(y) and integrate with respect to y we obtain

0=7® — 2®,

where g(x) vanishes on (—1, 1) and is the L, function

"1— (sin ar/2)(x? — 1)—2/? 1(1 — yP)alz & dy
T . ' ] y|
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outside (—1, 1). Consequently f=0. Next assume a <1 and let f be any func-
tion in Ls(—1, 1) vanishing near 1. We obtain from (14)

| |«(BN™ @ = J®) — 8@,
and g& L,. Therefore

1 1
KN = (Kf,f — ) = o (BN™F -0 = 7 (&N, | £]=(KNH)™) =z 0.

The argument must be modified if > 1 since g does not necessarily belong to
L,. However in this case the kernel is bounded so that Kf&€ L,,. Introduce the
functions

ho(x) = (wo)~V2e"17, ho()) = e84,
Then we have (the asterisk denotes convolution)

(Kf.f) = (Kf.f — 8) = lij’no (Kf, (f — &) % ko)

1 1
= 5~ lim ((KN)™, (= k) = 5 lim (BN, | E|l=(KN~ ko) 2 0

since k,>0. Thus in any case K is (symmetric and) positive definite.
2.2. We can now prove (3). We use the following fact: If g is a continuous
function on (—1, 1) and

an | £|=2®) = h(p),

where % is an L; function bounded near x = x,, then
1
(18) Q(x0, 7, 5) [sg(x) + h(x)]dx = g(x0).
-1

(See [5], where a variant of this is derived.) Now take for g an eigenfunction
¢, of K. (The eigenfunctions are continuous since a sufficiently high iterate of
K is continuous on the square.) Then from (14)

| Eledi(®) = ;(8)

(19) - i sin ar/2 ____e“‘ dtf l ———(l R oi(y)dy
L te>1 (2 — 1)al? -1 | t— y| ’
so we have (17) with k(x) equal to A\j'¢;(x) on |x| <1 and to
1 (1 —_ y?)al2
~ () inar/2 (e~ 0 [ EPERC

on [x| >1; moreover h&€L; and is bounded except possibly near +1. We
conclude from (18)
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G+ [ 0o, 2, 96:(x)dx = ¢;(x0)
and so

(3) g(xo, 2, 1) = 2 € Migpy(x0)5(1).
ju1
Note that since some iterate of K is continuous, Mercer’s theorem implies
that the series in (3) converges absolutely and uniformly in —1<x, x,<1 for
each £>0.
2.3. A few words are in order concerning the casesa=1, 2. From (13) one
easily derives the identity

cos ar/2
K(z,9) = ——— | — y|=' max(0, x — ¥)
(20) I')
sin ar/2 ez [° (x — o)t
T e 4T f LA—mr =

Now although K is not defined for =1 the right side of (20) is. To see that
we have proved (3), with the right side of (20) as our kernel, even for a=1,
note that only two things are necessary: an estimate on the kernel (the in-
equality |K(x, y)l <A log(l+|x—y| —1) is easy for x <y and follows for all
x, ¥ from the symmetry of K) and the identity (14) (which follows by con-
tinuity from the identity for a1). We did not use the right side of (20) as
our kernel all along, and so avoid this special argument, because the original
form of K was more convenient for computation. The reader will have no
difficulty verifying that for a=1 the right side of (20) is equal to (4).
As for a=2, it is not hard to see that

1
21) lim K(x, y) = > [1 4 min(z, y)][1 — max(x, ¥)].
a—sg
Thus if K is defined by the right side of (21) for a=2 the identity (3) reduces

to the known identity (1).
2.4. We shall now derive (9). If we set

d 1 p~
p(xo, %, ) = —Pr{z+ 2() S 2} = — f et g~ H" g
dx 2rJ

then we have (see [10])

P(xo, X, t) = Q(xo) X, l)

+ff p()’, x, 0 — )dyv Pl‘{xo + x(T) =y TS=s t’} .
0st’'st,lylzl
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If we multiply both sides by e**¢,(x,) and integrate with respect to x from
— o to « and with respect to xo from —1 to 1 we obtain, using (3),

e~E°h,(8) = et Mig(8)

+fff estvg= (=18 (20)d, » Pr{xo + 2(T) £ 9, T £ ¢'}dxo.
O0st'stlylzl.lzglsl

Now take the Laplace transform of both sides:
O $®
s+ | El= s+

1
+ ————fff eteitvg (x0)dy . Prixo + 2(T) < , T < t}dx,.
s+ | gl 120,112 LIzl 51

Therefore, using (19),
1
ff etteitvd, Pr{xo +x2(T) £y, T= t}¢j(xo)dxo
t20,lyl21 -1

1=

TT s ®;(8)
1 2 ity 1 1 — 2\a/2
_ Sinew2 o v f A= an
(1 4+ Njs)J a1 (3% — 1)/ o |y — =

sin ar/2 ety ® L et
_ ar/ f dy f estdetN f (————l—¢j(x)dx.
T wiz1 (2 — 1) 0 -1 l Y- xl

It follows that

1
Prixo+ 2(T) <y, T < t}d:,-(xo)dxo

-1
. 1 —_ 2)a/2
- sin am/2 e‘”)‘if dy f (1—2a?% 6:(0)dx
I —

™ nlzl.msy (’72 — 1)e2 1 | n— xl

where C is independent of t. Now as t—0, Pr{T=T,,<t} -0 weakly on
—1<x0<1; for

(22)

1
1= Pr{T =t} = 30 e Pig(x0) | ¢i(x)dw
-1

1 1 1
a- Pr{ T= t})¢,~(xo)dxo = ¢ thi | ¢i(x)dx— | o¢;(xo)dxo.
-1 -1

-1
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Since the ¢; are complete this shows 1 —Pr{ TSt} —1 weakly. It follows that
as t—0 the left side of (22) approaches zero. Hence

1
f Pr{xo + (T) < y, T < t}¢;(x0)dx0

1

sin ax/2 (1 — et : dn 1 (1 — g2)al
L miztasy (0 — 1)=2J | n— x|

sin ax/2 dn 1 (1 — x?)as?
e ) {o
La Islzl.asy (n* = 1) -1 I 7= xl

1
- Q(xo’ X, t)d’j(xo)dxo} dx.
-1

¢i(x)dx

Therefore
Pr{xo+ 2(T) <y, T < ¢}
i 2 a d
_ §1na1r/ {(1 _ xz) /2f L]
I

T salasy (0% — 1)““' n— x“l

d 1 (1 — g?)al
- ! f ( ) Q(xo, x, t)dx} ’

Inlzlnsy (,,'2 - l)alz 1 | n— xl

which gives (9).

I11. Integral equations.

3.1. We consider a non-negative even function k which satisfies the condi-
tions

w 1— £
f k(x)dx = 1, lim—-——(s) = 0<c¢c< »)
—w0 £-0 ‘ Ela
with 0 <a=2. Denote by p1,42ps,42 - - - and Y14, Y2,4, + + - the positive

eigenvalues and corresponding normalized eigenfunctions of the integral
equation

1
4] k(A(x — y))¥()dy = wp(%), -1<z<1
-1
Our main result here is that for fixed j=1, 2, - - -

wia=1-— c)\;lz‘l_‘l + o(A_a) as A — o,

where \; (and ¢;) are as before.

We would also like to say that ¥; 4—¢, for each j. To prove this we need
the simplicity of the \;, which unfortunately we have been unable to establish
(except of course in case a=2 when \;=4/72%?). We therefore content our-
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selves with the following substitute. Group the positive integers into blocks
Ji, Js, - - - so that indices in the same block correspond to equal N's while
indices in different blocks correspond to unequal N’s. Thus \j, =\, if and only
if j1 and j, belong to the same block J. Let 9; be the space spanned by the
¢; with j&€J; and 9, 4 the space spanned by the ¥; 4 with j&J;. We shall
prove that for fixed ¢ the space 91; 4 converges in mean square to IM; as
A—x. That is, given ¢>0 there is an 4, such that
(1) Forany A = Ao and ¢E M, there is a Y& N; 4 with

(23) f l| b(x) — Y(2) |2dx < €.

(ii) For any A = A4 and Yy EN; 4 there is a pC N, so that (23) holds.

Observe that if \; is simple, and therefore for any j if @=2, we can con-
clude that the y; 4 (multiplied by suitable constants of absolute value one)
converge in mean square to ¢;.

3.2. In what follows we assume ¢=1; passage to the general case follows
by replacing k(x) by c=/2k(c~!/*x). Let X1, X», - - - be independent random
variables having the same density function &, and set S,=X;+ - - - +X,.
We assert that if m is a positive integer and —1<x,, y<1 then

lim Pr{ max | xo + A“Sk| <1, %0+ A7 Sum = y}
A-w k<[A%lm

(24)
=Pr{max | 20+ 2(t)| <1, 20 + x(m) éy} )
tsm

where x(¢) is the symmetric stable process with exponent a. Unfortunately we
have been unable to find in the literature a statement which contains (24),
but results of Kimme [8] come very close. In our case these results (Theorems
6 and 9 of [8]) imply the following:

Assume that as n— o, py(n)~n—1/2 and set

2.() = v(n)Spen, 0s:=1.

Let F be a functional defined, bounded, and continuous in the uniform topol-
ogy of the space of bounded functions on [0, 1]. Assume further that F has
the following property P: If f, are uniformly bounded and converge, except on
a denumerable set, to f, then F[f.]—F][f]. The conclusion is

lim E{F[x,,]} = E{F[x]}

n— o
Now we are of course interested in the functional F, defined by

1, if sup |a+f(t)| <1 and % +f(1) Sy
FO[f] = 0sSts1
0, otherwise.
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This functional is hopelessly discontinuous so we define continuous approxi-
mants. For ¢>0 set

1, x =1, 1, x <y,
g(x) =1 0, 2= 14¢ he(x) = {0, xZ9y+e
linear, 1S x=<1+¢ linear, y= x5 y+e¢
1, 2SS 1~ 1, xSy —¢
g-(x) =7 0, 21, h_(x) = {0, z =y,
linear, 1 —e=2z=1, linear, y—e=<x =<y,

Fie[f] = gie(ossl-:gll %o + f(t) l )hte(xo +f(1))-

Then the functionals Fy. are bounded and continuous in the uniform topology
of bounded functions on [0, 1], although they still do not have property P.
Fortunately property P is not necessary. Examination of the proof of Theo-
rem 9 of [8] shows that P may be replaced by P’:

For almost all sample functions x(t) we have the following. Let

*
an(f) = sup x(2),
(J—-1)/N<tsSj/N
=1 < 1S/SN
— = —__? =
oy (1) = inf  x(), N

(—-1)/N<t=j/N

If for each N we have x¥* <fw Sx¥, then F[fy]—F|[x].
Now our functionals F,, have property P’, so

lim E{Fi.[x,,]} = E{Fi,[x]}.

n—r o0

Consequently
E{F_[x]} = lim E{F_[x.]} < lim inf E{F,[x.]}

< lim sup E{Fo[x.]} < lim E{F.[x.]} = E{F.[#]}.
As e—0 the extreme terms in the inequality both converge to E{Fo [x]}
Therefore
lim E{Fo[x.]} = E{Fo[x]}.

n-—» o

Now using the definitions of Fo and x,, and observing that in Kimme's work
the t-interval [0, 1] could have been replaced by [0, m], we obtain
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lim Pr{ max | %0 + v(n)S;,| <1, %+ v(n)Smn < y}

n—w ksnm
= Pr{max | 20+ 2() | < 1, 2o + 2(m) §y} .
tsm

Take any sequence of A’s going to infinity and set n=[4¢], »(n) =A~1. We
obtain (24).

3.3. In §3.1 we denoted by pj,4 and ¢, 4 (=1, 2, - - - ) the positive eigen-
values and corresponding eigenfunctions of A%(A4 (x—y)). There may be other
eigenvalues. We denote these, and the corresponding eigenfunctions, by u; 4
and y;, 4 with j=0, —1, - - - . Their ordering is irrelevant. We have

Pr{ max | % + 4A7I5| <1, %0+ 4- S(,a_.l,,.Sy}

k< [A%m

= 3 W ) ¢,A<x)dx

J=—c0

Therefore (24) and (3) give

© . v el v

tim 3 WS [ wis = X e e f 8,(x)dz.
End TR —y -1 j=1 -1

Since this holds for m=1, 2, - - - we have

0

25) lim Y PeWu( ¢,A<x>dx— 3 Pl M)g o) [ ds(x)de
-1

O j=— J=1

for any polynomial P(u) vanishing at #=0. Now for any function F(u) de-
fined on (—1, 1) we have

[ ] Z Fiat [ atas |
4% . 2 M - ?[A"] v . }2
j=.z_:°., Fuja ) { _'P:.A(x)dx} émz( » >,~=_w 1A { _1¢J.A(x)dx

dxo

F 2 1

F(u)\? 2
= max f Prd max |z + A71Sk| < 1, 20+ A4S < yp ) dxo
lul =1 u 1 kS [4%)

F 2
<2 max( (u)) .
lu] 1 u

Similarly
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f_l dxo = 2 max (F( )>

lul S1 u
In view of these inequalities, (25) holds for any function P(x) which is con-
tinuous on (—1, 1) and such that lim,.o P(x)/% exists. The two sums are
interpreted as being mean square limits over —1 <x(<1 of the finite partial
sums, and the limit as A— « is also interpreted as being in mean square.
3.4. To pass from (25) to the theorems stated in §3.1 we prove a series
of four lemmas.

Z F(em1™) (o) ¢,<x)dx

j=1

LEMMA 1. Assume that for each of a sequence of A's tending to infinily ua is
an eigenvalue and Y4 a corresponding normalized eigenfunction of Ak(A (x—17)).
Assume further that the py satisfy an inequality

(26) paz1—y4™ (y > 0).
Then weak convergence of the Y4 implies mean square convergence.

Proof. Set
1
Wa(t) = (2m)-112 f ety (x)dx.
-1

Then Parseval’s identity applied to the equation

1
papa(x) = A | k(A(x — y)Wa(y)dy, -1<z<1,
-1
gives
] 0 E
(27) pa = F'Af ' Y4(8) Iﬁdg = f ﬁ(;)! W4 () |2dE.
Pick a A>0. Then for A sufficiently large we shall have
£ A
28 12(—) <1-— ) > A.
(28) Y e | £

To prove (28), let us assume it is false. Then we can find a sequence 4,—
and for each 7 a £, with |£.] >A such that

of & A=
(29) k( >> 1 - .
An 245

By choosing a subsequence we may assume that £./A. converges to a limit
I, which may be + «. If /=0 we have for sufficiently large #,

Eﬁ a Aa
A. 24%

<1-

IIA

f(5)si
A, 2
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which contradicts (29). If /50 then lim E(£,/4.) <1, whereas (29) gives

lim E(£./A.) 2 1. Thus (29) is false and the estimate (28) is established.
It follows from (27) and (28) that

Aa
' +(1————) va(8) |
£ — jLDAl A [2d

A
Mgflm@

Ae A
=1- 24¢ +—”‘ _A|‘I'A£)|2d£,
and so
. 24« 2y
j;W“Wﬁgh' GRS

by (26). Now assume that as A— o, Y4 converges weakly to . Then ¥,(£)
converges boundedly to ¥(£) = (2m)~1/2[L e#=y(x)dx. Therefore

* . 8 2y
f R1GIK: zf | w@) a1 - =
—o0 —A Aa
Since A is arbitrarily large we obtain
[ le@paez1.

—0o0

Since the opposite inequality is trivial, we have

f | Y(x) |2dx =1,

This, in conjunction with weak convergence to ¥, gives mean square con-
vergence.

a.
LEMMA 2. Lim sup4 .. ,uﬁ“‘Al e M,

Proof. We may assume lim sup ,u“ ' =2L >0, for otherwise the lemma
holds trivially. Choose a sequence of A’s tending to infinity in such a way
that MEAA' converges to lim sup ulA] Then for sufficiently large A we shall

have
pra>1— A"log L.
If now we choose a subsequence such that y1 4 converges weakly to a function

Y1, Lemma 1 tells us that the convergence is in fact strong.
If P is a continuous function vanishing for u <e='™, (25) gives

lim Z:mmAwMu> ¢M0Mk—0

N
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Now as A— = through the sequence chosen above, the strong convergence
of Y1,4 implies

A—o o

. 4% v

lim P(u1,a) | ¥1.4(x)dx = 0.
-1

Since

lim ”l,/l,A (x)dx = ”lﬁl(x)dx,
-1

A—w ~1

which is not identically zero in ¥, we must have

P(lim sup #5.4,4]) = 0.

This holds for any continuous P vanishing for u <e~1™, so the lemma is
established.

For the next lemma recall our division of the positive integers into blocks
Ji, Ja, - - - . We denote by j; the largest integer in Ji. (Thus j is the multi-
plicity of A1)

LEMMA 3. Assume that for a sequence of A's tending to infinity we have
(i) pia' —e 1™ for k<o,
(i1) k.4 converges weakly to i for k <k,
(iii) lim sup Mk:ill,a <e M,
Then each of ¢y, - - -, @;, 15 a linear combination of ¥, - - -, Yi,.

Proof. Let P be a continuous function equal to 1 for ¥ =¢~1/* but vanish-
ing for

1 (4% -1\
? (lim sup pro+1,4 + €

)-

u =

With this P we obtain from (25), after multiplying by ¢;(xe) (j<j1) and
integrating over (—1, 1),

ko 4% v v
lim ) P(ue.a)Wra, ¢) | dra(@)de= | ¢;(x)dx.
-1 —1

YR’
Therefore
}: (Var 6 _j¢k<x>dx - },-(x)dx,
and so
(30) 3 e 8904(2) = 9100,

k=1
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LEMMA 4. Assume that for a sequence of A’s tending to infinity we have
(@) s —e1™ for k Sk,
(i) Yx,4 converges weakly to Y for k< k.

Then each of ¥, - - - , Yi, ts a linear combination of ¢y, - - -, @j,.

Proof. Since by Lemma 1 i, 4 converges in mean square to y: we obtain
from (25)

lim Fura)) [ wea@dz = 3 Fe (™), 67) | #i(x)da.
-1 -1

A-w =1

Choose F so that F(em'*)=1 but F(u)=0 for u <e i+, Then we obtain

b@dz =3 o) [ o2,
-1 -1

j=1

and so

il
(31) V(@) = 20 (b, 6)95(%).
j=1
Now we can show that
lim s’ = ¢, k<.
A-w
Let 2o+1 (ko=0) be the smallest integer k for which the identity fails to
hold. Then, in view of Lemma 2, we can find a sequence of A's tending to

infinity so that the limit of ui‘:ﬂ,_d exists and is less than e¢~1/*1, But we have

. 4% —1/\
limuga = e ) k = ko.

Therefore by Lemma 3 we have ko2 ji.
We have also shown (see (30), (31), and Lemma 1) that any sequence of
A’s tending to infinity possesses a subsequence for which

¢i(x) — Zl (Yr.4, 6i)¥r.a(x) =0, (J=7)
32) k—li
Yia(®) — D (Yr.a, $7)95(x) = O, (k=70

j=1

in mean square. It follows that (32) holds as 4 tends continuously to infinity,
and this proves the convergence of the space 9,4 to 9.
Using (25) and what has already been proved, we obtain

im Y PG Wat) [ a@dz = X P ™oy f 02 dx.

A—-®o jc0or>j; >
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Thus we can repeat the argument and show that

.4 —1/M# C
lim ujs =e , Hn<j=js,

Are
where j. is the largest integer in Jo, and that 9,4 converges to M, The
complete result clearly follows by induction.

3.5. It is easy to conjecture what happens when a>2 in (11). Now & is
not positive, but a reasonable set of hypotheses is: & is real, even, and integra-
ble. Moreover

max k(§) = £(0) =1, k() <1 forf #0,

1—F
1m—(£)=c, (0<c< o).
o | £

Then the theorem stated in §3.1 ought to hold, with a suitable definition of
K(x, y) for >2. Now it is easily seen that for fixed x, v, K(x, y) car: be ex-
tended to be analytic in the half-plane ®Ra>0, and it is this extension which
should serve the purpose.

There is independent support for this conjecture. A straightforward
computation shows that for «=4 (when K is the Green’s function for the
operator u—u(V with boundary conditions u(—1)—u'(—1)=u(1) =4'(1)
=0) the eigenvalues are the reciprocals of the fourth powers of the roots of

tan?r; = tanh?r;.

Thus the conjecture concerning the eigenvalues in case a=4 is

pia=1-— c7’j~A_4 + o(A_4).

The discrete version of this, a limit theorem for the eigenvalues of Toeplitz
matrices, was in fact proved by Parter [9].

Added in proof: The general conjecture is proved in a forthcoming paper.
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